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Abstract
In this research, we formulate budget allocation decisions as an optimal control
problem using a generalized Vidale–Wolfe model (GVW) as its advertising dynamics under a finite time horizon. One key element of our modeling work is that the
proposed optimal budget allocation model (called GVW-OB) takes into account the
roles of two useful indexes of the GVW model representing the advertising elasticity and the word-of-mouth (WoM) effect, respectively, in determining optimal
budget. Moreover, we discuss desirable properties and provide a feasible solution
to our GVW-OB model. We conduct computational experiments to assess our model’s performance and its identified properties, based on real-world datasets obtained
from advertising campaigns by three e-commerce companies on Google AdWords,
Facebook Ads and Baidu Ads, respectively. Experimental results show that (1) our
GVW-OB strategy outperforms four baselines in terms of both payoff and ROI in
either concave or S-shaped settings; (2) linear budget allocation strategies favor concave advertising responses, while nonlinear strategies support S-shaped responses;
(3) a larger ad elasticity empowers higher levels of optimal budget and corresponding market share and thus achieves higher payoff and ROI, so does a larger WoM
effect; and (4) as the total budget increases, the resulting payoff by the GVW-OB
strategy increases monotonically, but the ROI decreases, which is consistent with the
law of diminishing marginal utility. From a methodological perspective, our GVWOB strategy provides a feasible solution for advertisers to make optimal budget allocation over time, which can be easily applied to a variety of advertising media. The
identified properties and experimental findings of this research illuminate critical
managerial insights for advertisers and media providers.
Keywords Advertising models · Budget decisions · Optimal control · Vidale–Wolfe
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1 Introduction
The Internet has witnessed the advent of a large number of digital media vehicles
(e.g., search portals, social media platforms, e-commerce platforms, online gaming,
mobile apps, online videos, banners, etc.) promising a variety of novel advertising
forms [76]. According to Interactive Advertising Bureau [25], advertisers are dispensing a significant proportion of their advertising dollars (i.e., $88.0 billion in
the U.S. alone) toward digital advertising in 2017, a 21.4% increase over F.Y. 2016.
Digital media vehicles and related advertising forms offer rich means to reach potential consumers. However, digital advertising environments have evolved into a vastly
complex communication system [67, 74]. In the wake of this development, the allocation of advertising resources becomes a critical issue for advertisers [71].
From an operational standpoint, determining the optimal budget level is the
first and foremost decision problem faced by advertisers, which heavily affects
other advertising decisions [27, 78]. There are many challenges associated with
budget allocation decisions in digital advertising channels (e.g., search ads and
social media ads). First, it requires a comprehensive understanding of the process
of advertising responses in digital media. Several classical advertising response
models and their derivatives have been extensively examined (e.g., [14, 40, 52,
64, 70] for traditional advertising. However, advertising responses in digital
advertising media are more complicated in terms of underlying mechanisms and
processes, thus, need more sophisticated models [79]. Second, typically, digital
advertising markets are incredibly dynamic, owing to the vibrant nature of the
underlying mechanism and consumers’ behaviors [28, 38, 81]. However, advertisers usually have minimal sufficient knowledge and time to handle advertising
decisions in such dynamic environments. Third, it is not always the case that
spending more on advertising leads to higher profits [75].
The objective of this study is to explore budget allocation decisions based on
a generalized Vidale–Wolfe (GVW) model with applications to digital advertising. In this research, we formulate budget allocation decisions as an optimal control problem using the GVW model as its advertising dynamics, under a finite
time horizon. First, one key element of our modeling work is that the proposed
optimal budget allocation model (called GVW-OB) takes into account roles of
two useful indexes of the GVW model representing the advertising elasticity and
the word-of-mouth (WoM) effect, respectively, in determining optimal budget. As
observed by prior studies, the ad elasticity (e.g., [23, 41]) and the word-of-mouth
effect (e.g., [1, 29, 58]) are highly prominent in digital advertising environments,
especially in e-commerce markets. Second, we discuss some desirable analytical
properties and provide a computational solution to the GVW-OB model. Furthermore, based on real-world datasets obtained from advertising campaigns by three
e-commerce companies on Google AdWords, Facebook Ads and Baidu Ads,
respectively, we conduct computational experiments to validate our model and its
identified properties.
Experimental results show that our GVW-OB strategy outperforms four baselines in terms of both payoff and ROI in either concave or S-shaped settings. This
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proves the potential value of the ad elasticity index and the WoM index for optimal advertising decisions. Moreover, linear budget allocation strategies favor the
concave advertising responses, while nonlinear strategies support the S-shaped
responses. The ad elasticity index and the WoM index have significant influences
on the performance of the GVW-OB strategy, in terms of resulting payoff and
ROI. More specifically, a larger ad elasticity empowers higher levels of optimal
budget and corresponding market share and thus achieves higher payoff and ROI,
so does a larger WoM effect. In a nutshell, the nonlinearity modeling feature
with respect to advertising budget (by the ad elasticity index) and the untapped
market share (by the WoM index) improves the adaptability of budget allocation
strategies to handling complex advertising situations that specifically characterize digital media. Experiments on sensitivity analysis with respect to the ad elasticity index and the WoM index also reveal that, as the total budget increases,
the resulting payoff by the GVW-OB strategy increases monotonically, but the
ROI decreases. This is consistent with the law of diminishing marginal utility,
which proves an attractive feature of our GVW-OB strategy. From a methodological perspective, our GVW-OB strategy provides a feasible solution for advertisers
to make optimal budget allocation over time, which can be easily applied to a
variety of advertising media. The identified properties and experimental findings
of this research illuminate critical managerial insights for advertisers in various
advertising forms.
The contributions of this work can be summarized as follows. Overall this
research contributes to the literature on optimal advertising budget allocation. First,
we investigate an optimal control problem using the GVW model as its advertising
dynamics under a finite time horizon, and derive desirable properties of our proposed GVW-OB model through mathematical analysis. As far as we knew, this is
the first effort to formally make phase diagram analysis of the optimal budget allocation model with respect to the ad elasticity index and the WoM index. Second,
compared to the VW model and its derivatives, the GVW model is more nonlinear
with respect to both the decision variable (i.e., advertising budget) and the state variable (i.e., market share). This feature entitles the GVW-OB model to efficiently handle budget allocation problems in complex advertising environments; meanwhile, it
makes the optimal solution analytically intractable. This research provides a closedloop solution for the GVW-OB model in situations with and without budget constraints. Methodologically, the present study gives advertisers a feasible approach
to make budget decisions in real-time while managing their advertising campaigns.
Third, we conduct computational experiments to validate the GVW-OB strategy and
its identified properties with real-world data. Specifically, we compare the GVWOB strategy with baseline strategies based on the VW model and its derivatives,
and examine effects of the ad elasticity and the WoM indexes on optimal budget
path and corresponding evolution of market share. The outcome of this research
enhances understanding of advertising responses and especially the role of the ad
elasticity and the WoM indexes.
The remainder of this paper is organized as follows. The next section provides
a literature review on advertising response models and optimal advertising budget
allocation. Section 3 presents an overview of the GVW model and based on it builds

13

Y. Yang et al.

an optimal budget allocation model. Section 4 discusses desirable properties and
provides a feasible solution for the GVW-OB model. Section 5 reports experimental results to validate our GVW-OB strategy and its identified properties. Section 6
discusses normative findings and managerial insights from this work as well as its
shortcomings. Finally, we conclude this work in Sect. 7.

2 Related work
In this section, we first survey the literature on advertising response models, and
then focus on optimal advertising budget allocation.
2.1 Advertising response models
In advertising literature, it typically takes response models to describe the dynamic
advertising-sales process. Advertising response models parsimoniously describe the
relationship between advertising budget (or expenditure) and unit sales [55, 60]. The
well-known work of Vidale and Wolfe [70] took the initiative to define the concept
of advertising effectiveness and developed a differential equation to capture advertising-sales response dynamics. Another pioneering work by Nerlove and Arrow
[52] invented a goodwill accumulation equation to trace the carryover effect of current advertising campaigns on consumers’ future purchasing behaviors. This study
takes a derivative of the VW model as advertising response dynamics to explore the
optimal budget allocation problem. Our motivation for choosing VW-type models
lays on the fact that they combine several important market factors that influence
advertising budget decisions, such as the carryover effect of past advertising on current sales [7], the saturation level [36], the possible diminishing returns to cumulative advertising budget [14, 40, 82], in a time-varying manner. Thus, in the following we mainly pay attention to VW-type advertising response models.
Technically, the VW model cannot describe competitive effects in the situation
with two or more advertisers. A variation of the Lanchester model was introduced
by Kimball [34] to analyze competitive advertising decisions, which can also be
viewed as the precursor of the third genre of response functions. As noted by Little
[40], the Lanchester model is essentially the generalization of the VW model from a
competitive perspective, which has been widely extended to study competitive situations where each firm uses advertising to grab market share of her rivals [7, 31, 43].
In the past decades, plenty of research efforts in this direction have been invested
in extending the VW response model to various complicated situations. The first
research stream is related to the ad elasticity which determines the relationship
between advertising budget and advertising effort. Conceptually, the ad elasticity
describes the effectiveness of current advertising budget in the current and future
periods [23, 35, 41]. In the VW model, advertising effort is represented as a linear
form, i.e., f(u) = u, where u represents advertising budget. In other words, a uniform
return can be obtained from each advertising dollar. However, the linear assumption is unrealistic or unattainable in advertising practices because it opposes the
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law of diminishing marginal utility, i.e., the marginal return decreases as the investment increases, holding other factors constant [39]. To this end, prior studies (e.g.,
[44, 45, 47, 48, 50, 82]) have investigated desirable forms of advertising effort with
respect to advertising budget. As suggested by Little [40], Mesak [46] and Mesak
and Zhang [49] employed an explicit form f(u) = uα (where α stands for the ad
elasticity) to analyze various pulsing responses and solved an advertising pulsation
problem for a monopolistic firm. The exponential form has been extensively adopted
for advertising research in monopolistic and competitive settings (e.g., [12, 14, 77,
78]).
The second research stream on the VW model extensions is concerned with the
word-of-mouth (WoM) effect, representing the additional effect generated from
advertising effort through communications between individuals comprising the
sold portion and those comprising the unsold portion of the potential market [33,
64, 66, 80]. Sethi [64] incorporated the WoM effect
√ into the VW model by using a
square-root form of the untapped potential (i.e., 1 − x , where x denotes the sold
portion), which was echoed√by the research by Sorger [66] on advertising competition. The positive effect ρu 1 − x can be approximated by ρu(1 − x) + ρux(1 − x)
where ρ denotes the response constant, of which the additional term ρux(1 − x) can
be explained by the process of WoM communications between individuals who are
already aware of the product and who are not, with ρu representing the intensity of
communications at a certain advertising level. Yang et al. [73] presented a generalized form of the GVW model representing the ad elasticity and the WoM effect by
two additional indexes (i.e., the ad elasticity index and the WoM index), and developed a deep neural network (DNN)-based method to learn modeling parameters.
The third research stream is with the incorporation of marketing-mix variables.
Together with advertising budget, marketing-mix variables such as product quality
and price also play key roles in generating sales and maximizing profit of a firm.
Mathmatically, advertising budget is taken as the only marketing variable to capture
the relationship between advertising budget and sales (or market share) in the VW
model. In the literature, prior research (e.g., [56, 57, 62]) has devoted to incorporating other marketing-mix variables (z) into the VW model, i.e., f(u, z).
Last but not least, stochastic extensions of the VW model have been developed to
study stochastic budget allocation problems in uncertain markets where several variables for response functions cannot be exactly known in advance [15, 24, 54].
2.2 Optimal budget allocation
Optimal budget allocation has attracted increasing research interests in exploring solutions for advertising decisions, based on different variations of advertising
response models, either optimal allocation for an individual advertiser [19, 37, 61,
75] or equilibrium solutions in a competitive setting [11, 31, 53, 72]. As far as we
knew from the literature, most research efforts on advertising competition typically
employed a competitive variation of the VW model (i.e., the Lanchester model).
Since advertising environments are essentially time-varying, optimal control

13

Y. Yang et al.

methods (for details see [65, 77]) and differential games (for details see [8, 10, 26,
32]) are commonly utilized to develop optimal advertising strategies.
Owing to its simplicity, the VW advertising model enables the development of
analytical solutions for budget allocation problems. For example, Sethi [63] dealt
with an optimal control problem for the VW model to maximize the present value
of total profit under a finite horizon. Specifically, optimal solution for the budget
allocation problem based on the VW model is a form of bang-bang control due to its
linearity with respect to advertising budget. For more detailed information about the
bang-bang solution, please refer to Sethi and Thompson [65].
As for the VW extensions with respect to the ad elasticity, typically researchers
took an exponential form of advertising effort with the ad elasticity (α) as 1/2 (e.g.,
[5, 59, 72]). Note that budget allocation models with the quadratic form of the decision variable (i.e., advertising budget) in the objective function and the VW model
or the Lanchester model as the state equation (e.g., [20, 21, 43]) also fall into this
category. These models are equivalent to those based on the VW extensions with
α = 1/2. Chintagunta and Vilcassim [5] used the Lanchester model with α = 1/2 and
developed open-loop and closed-loop strategies to determine equilibrium advertising levels for two advertising rivals. Fruchter and Kalish [20] obtained analytical
solutions of a differential game where the objective functions contain the quadratic
form of advertising budget (u2) in a duopolistic market. Later on, Fruchter [21]
extended this model for an oligopolistic market. Ezimadu and Nwozo [15] considered cooperative advertising in a manufacturer–retailer supply chain in a modeling
framework with u 2 in the objective function, and obtained optimal strategies for the
manufacturer and the retailer.
Regarding the VW extensions with respect to the WoM effect, Sethi [64] explored
both deterministic and stochastic optimal dynamic advertising problems based on a
variation of the VW model with a square-root form of the untapped market (i.e.,
√
1 − x ). Yang et al. [77] proposed a solution framework to derive the optimal
budget allocation strategy across several search markets, using an extended Sethi
model to better suit the sponsored search advertising scenarios by incorporating the
dynamic advertising effort and quality score. Sorger [66] studied the open-loop and
closed-loop Nash equilibrium
√ outcomes in a duopolistic market with a variation of
the Lanchester model with 1 − x.
In the branch on interfacing with other marketing-mix variables, Sethi et al.
[62] solved an optimal control problem incorporating price and advertising effects
over time. Reddy et al. [56] integrated design quality as a control variable in the
VW model and determined optimal advertising and quality investments using the
impulse optimal control.
By assuming that advertising budget affects the probability of sales, Tapiero [68]
addressed adaptive advertising control problems with a probabilistic version of the
VW model. Prasad and Sethi [54] investigated the optimal budget allocation problem in a duopolistic market based on a stochastic, competitive version of the VW
model with a churn term, and derived explicit solutions and comparative statics for
closed-loop Nash equilibria for symmetric as well as asymmetric competitors.
Comparing with the literature on optimal advertising budget allocation discussed
above, our research is different in the following aspects. First, this research takes
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the GVW model to explore the optimal budget allocation strategy as its advertising
dynamics. The GVW model could flexibly capture nonlinear advertising responses
in practice and learn modeling parameters over time [73]. In this sense, the GVWOB strategy can take those advantages to enhance its applicability in dynamic and
complex advertising environments. However, the GVW model also raises a big
challenge for obtaining the optimal solution because it makes the optimal budget
path analytically intractable, which serves as the motivation for the present study.
Note that, the focus of this paper differs from that of Yang et al. [73]. Specifically,
Yang et al. [73] focused on developing the GVW model by analyzing its modeling
properties and the estimation method, while this paper is concerned with the optimal budget allocation strategy using the GVW model as its advertising dynamics.
Second, we analytically derive properties of the GVW-OB model, and develop a
closed-loop solution to compute the optimal budget path and corresponding evolution of market share. Third, computational experiments were conducted to validate
the proposed GVW-OB strategy and identified properties by applying a 2 × 3 design
with two shapes of advertising responses (i.e., concave and S-shaped) and three
real-world datasets (i.e., a U.S. firm’s advertising campaigns on Google AdWords,
a European firm’s advertising campaigns on Facebook Ads and a Chinese firm’s
advertising campaigns on Baidu Ads). In addition, this research makes sensitivity
analysis to examine influences of the ad elasticity index and the WoM index on the
performance of the GVW-OB strategy.

3 The optimal budget allocation model
In this section, we present a formal model of budget allocation (GVW-OB) to maximize the expected profit, with the GVW model describing the advertising response
dynamics. Moreover, we also consider the two types of budgeting situations for
advertisers, i.e., they have either a limited or a sufficient budget, which defines the
feasible decision space and thus, to a major degree, determines the optimal trajectory of the optimal advertising budget and corresponding market share. We will
explore this in more details in Sect. 4.
3.1 Advertising response model
The advertising response model provides a formal way to represent the accumulative effect obtained from advertising campaigns. The work of Vidale and Wolfe [70]
is one of the pioneering and earliest works in this direction. To fit flexible decision
scenarios in various advertising forms, this research employs the GVW model (for
more details, refer to [73]), which is given as follows.

ẋ = ρuα (1 − x)β − δx, x(0) = x0 ,

(1)
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where x and 1 − x represent the sold portion and unsold portion of the potential market (i.e., a fixable pool of consumers), respectively; u represents a firm’s advertising
budget.
The GVW model contains four parameters, i.e., the ad response index ρ, the decay
index δ, the ad elasticity index α and the WoM index β. The former two parameters
are original in the VW model: ρ represents the effectiveness of advertising effort,
i.e., the response to advertising that acts positively on the unsold market share, and δ
describes the loss of customers probably due to forgetting and competition that acts
negatively on the sold portion of the market.
The latter two are the newly added parameters in the GVW model. The ad elasticity (α) is represented as the percentage (change in
) advertising effort to the change of
one percent in advertising budget, i.e., Δuα /uα ∕(Δu/u), and uα denotes the advertising effort. Essentially, the advertising effort can be explained as an effective part
of advertising budget. In other words, not the entire budget, but this part can produce positive advertising effects (e.g., clicks, sales). In this sense, a higher ad elasticity index (α) implies that a unit advertising budget works more effectively. The
ad elasticity index is normally fixed as a constant, i.e., α = 1 in the VW model and
α = 1/2 in its derivatives (e.g., [3, 5, 11, 72]). Interestingly, doing so makes optimal budget allocation problems analytically solvable. In contrast to α = 1, α = 1/2
adds a favorable analytical property to the response model, i.e., the strict concavity
[12], which captures the phenomenon of diminishing returns in advertising [31, 32].
However, the constant assumption of the ad elasticity index is unrealistic in practice.
For example, Erickson [14] empirically found its value ranges from 0.116 to 0.726,
and Yang et al. [73] reported the estimates ranging from 0.422 to 0.801. Thereby,
the ad elasticity should be treated as a parameter to estimate, rather than a constant.
Generally, the value of the ad elasticity index ranges between 0 and 1.0.
The WoM effect represents an additional process of WoM communications
between the sold portion and the unsold portion of the potential market. That is, the
WoM index (β) describes the level of communications between the two portions.
More specifically, a smaller value of β means a higher WoM effect (i.e., (1 − β)). The
WoM effect is a type of additional advertising effects. Advertising campaigns may
generate different types of WoM conversions [22], and in turn lead to various performance measures such as sales and stock returns [1, 58]. Both advertising and WoM
communications can serve as product quality signals delivered to potential consumers [33]. Zhang et al. [80] investigated the effect of advertising and WoM in the
context of movie diffusion process, and found that advertising has a direct impact
on innovators fully mediated by the WoM effect. The initial introduction of WoM
effect in the GVW model can be traced back to research√
by Sethi [64] and Sorger
[66] where a square-root form of the untapped potential 1 − x (i.e., β = 1/2) was
used to capture the possible WoM effect. However, the assumption of the squareroot form is hardly satisfactory because the WoM effect differs in different application domains [42]. Thus, the GVW model treats the WoM effect as a parameter
to estimate, rather than a constant. Generally, the value of the WoM index ranges
between 0 and 1.0.
The VW model and its derivatives can be viewed as special cases of the GVW
model with different parameter settings. More specifically, the VW model is the
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GVW with α = β = 1; the Case model is the GVW with α = 1/2 and β = 1 [2, 11], the
Sethi-Sorger model is the GVW with α = 1 and β = 1/2 [64, 66]; and the Chintagunta-Jain model is the GVW with α = β = 1/2 [4]. We will explore it in more detail
in Sect. 5.2.
3.2 Objective function
Consider the standard discounted profit obtained from advertising campaigns, the
objective function is given as
T

J=

∫

(cx − u)e−rt dt,

(2)

0

where c represents the gross profit rate of an advertiser obtained from a unit of market share, then cx − u is the profit obtained from advertising campaigns at time t ,
and e−rt is the discount factor.
3.3 Budget constraint
Let B denote the total advertising budget for the firm. Then the present value of the
total advertising budget under a finite time horizon should not exceed B, which is
given as
T

�

e−rt udt ≤ B.

(3)

0

In summary, Eqs. (1–3) constitute an optimal control model of advertising budget
allocation (i.e., the GVW-OB model), where u and x are the decision variable and
the state variable, respectively. We will derive the optimal budget strategy u∗ allocated to the market by solving this model in Sect. 4.2.

4 Properties and solution
In this section, we study theoretical properties for our budget allocation model
(Eqs. 1–3 ) and develop a solution process for situations with and without budget
constraints.
4.1 Theoretical properties
First, we discuss the situation where an advertiser has a sufficient budget, which is
given as
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J = ∫ (cx − u)e dt

{
max

T

}

−rt

0
α

(4)

.

β

ẋ = ρu (1 − x) − δx, x(0) = x0
By introducing the co-state variable λ (i.e., the shadow price of the market share),
we can define the current-value Hamiltonian function as follows.
[
]
H = cx − u + λ ρuα (1 − x)β − δx
(5)
From the current-value Hamiltonian function (5), we can derive the co-state
equation, which is given as

λ̇ = rλ − Hx = (r + δ)λ − c + ρβλuα (1 − x)β−1 ,

λ(T) = 0.

(6)

We can obtain the first-order and the second-order derivatives of Hamiltonian
function (5) with respect to the decision variable u, which are given as

Hu = −1 + ραλuα−1 (1 − x)β
.
Huu = ρα(α − 1)λuα−2 (1 − x)β

(7)

Suppose that there exists an interior maximum given the state and co-state variables (i.e., x and λ). Then let Hu = 0, we can obtain the optimal budget strategy

[
] 1
u∗ = ραλ(1 − x)β 1−α .

(8)

From Eq. (8), on the one hand, we can notice a property concerning the relationship between advertising budget ( u) and the sold market share (x) where consumers
are buying an advertiser’s products or services, as described in Proposition 1.
Proposition 1 The ad elasticity with respect to the sold market share is nonlinear
and dynamic, given as

−βx
𝜕u x
⋅ =
.
𝜕x u (1 − α)(1 − x)

(9)

Proposition 1 implies that, for an advertiser, the optimal advertising budget
increasingly declines (or rises) as her market share expands (or shrinks) over time,
with all else remaining unchanged. Essentially, the feature of dynamics concerning the relationship between the optimal budget and the sold market share can be
explained by the basic principle of the VW model. That is, advertising budget acts
on the unsold portion of the potential market; thus, the optimal budget is negatively related to the sold portion. The nonlinearity feature results from the exponent
(i.e., the ad elasticity index α) to the decision variable (i.e., advertising budget u).
This property could be regarded as a basic rule for the optimal advertising budget
allocation.
On the other hand, Eq. (8) also reveals that the optimal path of advertising budget
depends on both the state variable (x) and the co-state variable (λ). This property
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suggests examining dynamical behaviors of x and λ in a two-dimensional space
S(λ,x), as illustrated in Figs. 1 and 2, where the curve defined by Eq. (1) (ẋ = 0)
denoted by L1, and the curve defined by Eq. (6) (λ̇ = 0) denoted by L2, are contingent on the ad elasticity index (α) and the WoM index (β), as described below. The
notations used in phase diagrams are listed in Table 1.
We can obtain phase diagrams of curves L
 1 of λ (ẋ = 0) and L2 of x (λ̇ = 0) in the
feasible regions for seven cases. Please see Appendix A for more details. Figure 1
shows (x,λ) phase diagrams with three combinations when 0 < α ≤ 1∕2, and Fig. 2
shows four combinations when 1∕2 < α < 1.
As shown in Fig. 1, under the condition that the ad elasticity is relatively
small (i.e., 0 < α ≤ 1∕2 ), the co-state curve L
 1 is convex and strictly monotonically increasing in x, and the shape of L2 depends on the relationship between
α and β: if β = 1 − α (Case-1), L2 is a straight line parallel to the vertical axis; if
0 < β < 1 − α (Case-2), L
 2 is concave and strictly monotonically decreasing in
λ; and if 1 − α < β ≤ 2(1 − α) (Case-3), L
 2 is concave and strictly monotonically
increasing in λ.

Fig. 1  (x, λ) phase diagrams with three combinations (0 < α ≤ 1∕2)

13

Y. Yang et al.

Fig. 2  (x,λ ) phase diagrams with four combinations (1∕2 < α < 1)

Table 1  List of notations
Notation

Definition

I,II, III, IV

The four regions: Region I (ẋ > 0 and λ̇ < 0), Region II (ẋ < 0 and λ̇ < 0),
Region III (ẋ < 0 and λ̇ > 0), and Region IV (ẋ > 0 and λ̇ > 0)

L1

The curve defined by Eq. (1) with ẋ = 0

L2

The curve defined by Eq. (6) with λ̇ = 0

Dashed line – – –

The dashed line parallel to the vertical axis is with x = 1; and the dashed line
c
parallel to the horizontal axis is with λ = r+δ

Dotted line ……
Right arrow →
Left arrow ←

Up arrow ↑

Down arrow ↓

The dotted line parallel to the vertical axis is with x = x ; the dotted line parallel to the horizontal axis is with λ = λ ; and (λ, x) is the steady-state point
The increasing of λ in a region
The decreasing of λ in a region
The increasing of x in a region
The decreasing of x in a region

Dashed line arrow – – – > The trajectory of (λ,x) in the phase diagram
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As shown in Fig. 2, under the condition that the ad elasticity is relatively large
(i.e., 1∕2 < α < 1), the co-state curve L1 is concave-convex and strictly monotonically increasing in x, and likewise, the shape of L
 2 depends on the relationship
between α and β: if β = 1 − α (Case-4), L
 2 is a straight line parallel to the vertical
axis; if 0 < β < 1 − α (Case-5), L2 is concave and strictly monotonically decreasing in λ; if 1 − α < β ≤ 2(1 − α) (Case-6), L2 is concave and strictly monotonically increasing in λ; if 2(1 − α) < β (Case-7), L2 is concave-convex and strictly
monotonically increasing in λ.
As for the market share dynamics ( ẋ ), it reaches a steady-state equilibrium on
L1, i.e., ẋ = 0 ; and it is negative in the space over L
 1 and positive under L1. Similarly, as for the co-state dynamics ( λ̇ ), it reaches a steady-state equilibrium on L
 2,
i.e., λ̇ = 0 ; and it is negative in the left space of L
 2, and positive in the right
space. From Figs. 1 and 2, we can notice that L1 and L2 segments the S(λ, x) space
into four regions: Region I ( ẋ > 0 and λ̇ < 0 ), Region II ( ẋ < 0 and λ̇ < 0 ), Region
III ( ẋ < 0 and λ̇ >0 ), Region IV ( ẋ > 0 and λ̇ >0 ). Moreover, for each case,
]
[ there
c
,
exists a unique intersection of L
 1 and L2 in the region x ∈ [0, 1] × λ ∈ 0, r+δ
which is termed as the steady-state point, denoted by (λ, x). The existence and
uniqueness of the steady-state point are described in the following proposition.

Proposition 2 There exists one and only one steady-state point (λ, x) in the S(λ, x)
space, and the steady-state point is the saddle point.
Proof See Appendix B. Graphically, in the (λ, x) phase diagrams (Figs. 1 and 2),
there exists exactly two paths (one from each side of λ or x ) which tend toward
the steady-state point and two paths moving away from it. The trajectory of optimal
solution asymptotically approaches one of the diverging paths as t → T. More specifically, for an advertiser with a sufficient budget, as time goes by, a) when x0 > x ,
the state variable x decreases and converges to the steady-state point, the co-state
variable λ remains unchanged (i.e., λ = λ0) (Case-1 and Case-4), or decreases (Case3, Case-6 and Case-7), or increases (Case-2 and Case-5), eventually converges to
the steady-state point; b) when x0 < x , the state variable x increases and converges
to the steady-state point, the co-state variable λ remains unchanged (i.e., λ = λ0)
(Case-1 and Case-4), or decreases (Case-2 and Case-5), or increases (Case-3, Case6, and Case-7), eventually converges to the steady-state point.	
◻
Next, we discuss the situation where an advertiser has a limited budget, which
is given as
}
{

J = ∫ (cx − u)e−rt dt
T

max

0

ẋ = ρuα (1 − x)β − δx, x(0) = x0 .
∫ e−rt udt ≤ B

(10)

T

0
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Following Yang et al. [77], this optimal control problem can be transformed to an
equivalent one with the budget constraint replaced by a new auxiliary state variable
R(t), defined as the present value of the remaining advertising budget, i.e.,

R(t) = R(T) + ∫ e−rs u(s)ds. Then we have Ṙ = −e−rt u. The resulting equivalent
T

t

optimal control formulation is then given as follows.
}
{

J = ∫ (cx − u)e−rt dt
T

max

0

(11)

ẋ = ρuα (1 − x)β − δx
Ṙ = −e−rt u
u ≥ 0, R(0) = B, R(T) ≥ 0

By introducing the co-state variable λ and μ, we can define the current-value
Hamiltonian functions as follows.
[ (
)]
(
)
H = cx − u + λ ρuα 1 − xβ + μ −ue−rt
(12)
From the current-value Hamiltonian function (12), we can derive the co-state
equations:

λ̇ = rλ − Hx = (r + δ)λ − c + ρβλuα (1 − x)β−1 ,
μ̇ = rμ, μ(T) ≥ 0,

μ(T)R(T) = 0.

λ(T) = 0,

(13)
(14)

From Eq. (14) we obtain μ = C0 e ≥ 0. Under the transversality condition,
μ(T) = C0 erT ≥ 0. In the case without budget constraints, we have μ(T) = 0, then
C0 = 0 and μ(t) = C0 ert = 0, ∀t ≥ 0; while in the case with budget constraints,
μ(T) > 0, then C0 > 0 and μ(t) = C0 ert > 0, ∀t ≥ 0.
From Eq. (12) we have
(
]
H = cx − u + λ[ρuα 1 − x)β − C0 u.
rt

Suppose that there exists an interior maximum given the state and co-state variables (i.e., x, λ and μ). Then let Hu = 0, we can obtain the optimal budget strategy

ραλ(1 − x)β
u =
1 + C0
[

∗

1
] 1−α

.

(15)

In the following, we investigate dynamical behaviors of state and co-state variables in the (x, λ) phase diagrams. Similar to the situation where an advertiser has a
sufficient budget, seven phase diagrams of curves L′1 of λ (ẋ = 0) and L′2 of x (λ̇ = 0)
can be obtained. Please see Appendix C for more details. The property of the steadystate point in the situation with budget constraints is described in Proposition 3.
Proposition 3 In the situation
(
) with budget constraints, a) there exists one and only
one steady-state point λ� , x� in S(λ, x), and the steady-state point is the saddle
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point; b) compared to the situation without budget constraints, the steady-state point
moves to right bottom, i.e., x′ < x , λ� > λ.
Proof See Appendix C. In the situation with budget constraints, the state variable x
and the co-state variable λ follow similar evolution patterns to the situation without
budget constraints.	
◻

4.2 A computational solution
In the following, we present a computational solution for optimal budget allocation
in situations with (Model 4) and without (Model 10) budget constraints.
From Eq. (10), we have the following Hamilton–Jacobi equation

] 1
)[
1−α
1
αeαrt
β
Vη,t + ce x +
− δxVη,x = 0.
ρ(1
−
x)
V
−1
η,x
α
(1 + η)α
−rt

(

(16)

The boundary condition V𝜂 (x, T) = 0, and the optimal strategy is given as

[
u=

ραVη,x (1 − x)β ert

]

1
1−α

1+η

.

(17)

For the case without budget constraints, let η = 0, we have the following Hamilton–Jacobi equation
(
)[
] 1
1
Vt + ce−rt x +
− 1 αeαrt ρ(1 − x)β Vx 1−α − δxVx = 0, V(x, T) = 0,
α
and the optimal strategy is given as

[
] 1
u = ραVx (1 − x)β ert 1−α .
The optimal trajectory of budget for the situation where an advertiser has a
sufficient budget, i.e., u∗0 , represents the solution for Model (4), which can be
directly derived when η = 0 ; while in the situation where an advertiser has a
limited budget, the optimal budget strategy ( u∗η ) for Model (10) can be obtained
by determining the Lagrange multiplier ( η > 0 ) in an iterative way. The detailed
steps of the numerical procedure for finding the optimal budget allocation strategy and corresponding market share are specified in Algorithm 1.
This procedure includes two sub-procedures [16]. The first sub-procedure calculates the value function and the allocated budget for all possible combinations
of market share x and time t. The second is intended to determine the optimal
budget strategy and corresponding market share sequentially. The results from
the backward sweep two matrices of the optimal value function Vη (x, t) and the
optimal uη (t) for each starting
{ time t = {0, Δt ⋅ 1, Δt ⋅ 2, … , T}
} with the initial
cumulative market share x = x0 , x0 + Δx ⋅ 1, x0 + Δx ⋅ 2, … , 1 . This procedure
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involves the choice of the Lagrange multiplier increment ( Δη), the time interval
( Δt ), and the market share increment ( Δx).

5 Experimental validation
In this section, we design computational experiments to validate the proposed
GVW-OB strategy and its identified properties.
Our experimental evaluation serves the following twofold purposes. First, we
are intended to evaluate the effectiveness of the GVW-OB strategy by comparing
it with four baselines in terms of payoff and return on investment (ROI). Each
baseline corresponds to an optimal budget allocation strategy based on a VWtype advertising response model (i.e., the VW model and its derivatives). Second,
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we attempt to prove desirable properties of our GVW-OB model as discussed in
Sect. 4 by conducting sensitivity analysis. Specifically, we examine influences of
the ad elasticity index and the WoM index on the performance of our GVW-OB
strategy. Next, we provide details about our experimental setup and key results.

5.1 Data description and experimental setting
We collected three real-world datasets from advertising campaigns by a large U.S.
e-commerce retailer, a European e-commerce retailer and a Chinese e-commerce
retailer, respectively. The first dataset records advertising campaigns on Google
AdWords spanning four calendar years, which contains approximately seven million
records from almost 55,000 advertisements. Each record in the first dataset includes
the key phrase that triggered the ad, number of impressions, number of clicks, the
average click-through rate (CTR), the average cost-per-click (CPC), the number
of conversions (or orders), the total sales revenues, and the total number of items
ordered. The second dataset records historical information of advertising campaigns
on Facebook Ads. The European e-commerce retailer operates in eight countries
and the data is from the Finnish branch. The dataset contains 62,802 records from
95 advertisements during a 20-month period. The third dataset records advertising
campaigns on Baidu which is the most popular search engine in China. The dataset
contains 34,019 records from 24 advertisements during an 8-month period. From
these datasets, we collect information about the advertisers’ total advertising budget
and budget decisions, impressions, and clicks generated from their advertising campaigns, the average CTR, the average CPC, conversions, and so on. Finally, we also
generate data from historical advertising reports to support computational experiments to verify properties of our GVW-OB strategy.
Following the extant literature [40, 69], advertising responses to advertising
budget can be either concave (e.g., [6, 18]) or S-shaped (e.g., [9, 17]). Through
examining relationships between advertising responses (i.e., clicks) and advertising budget based on our datasets, we found empirical evidences for concave and
S-shaped curves, respectively, as shown in Fig. 3. Thus, we also attempt to examine whether our GVW-OB strategy and four baselines perform differently on the
two settings exhibiting concave and S-shaped advertising responses, respectively.
In the experiments for comparisons, we applied a 2 × 3 design with two shapes
of advertising responses (i.e., concave and S-shaped) and three datasets (i.e., a
U.S. firm’s advertising campaigns on Google AdWords, a European firm’s advertising campaigns on Facebook Ads and a Chinese firm’s advertising campaigns
on Baidu Ads) to evaluate the performance of our GVW-OB strategy and four
baselines. The two widely used criteria, i.e., payoff and ROI, were taken to measure the performance of these budget allocation strategies.
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Fig. 3  The shape of responses to advertising budget

5.2 Comparisons
In this section, we compare our GVW-OB strategy with four baselines. The first
is referred to as the optimal budget allocation strategy based on the VW model
(α = β = 1) (called BASELINE1), as proposed by Sethi [63]. The other three baselines are optimal budget strategies based on derivatives of the VW model, with different parameter settings. The second baseline is referred to as the optimal budget
allocation strategy based on the VW derivative with α = 1∕2 and β = 1 called BASELINE2, which has been investigated in [2, 5, 59]. The third baseline is referred to as
the optimal budget allocation strategy based on the VW derivative with α = 1 and
β = 1∕2 called BASELINE3, which has been explored in [64, 66, 77]. The fourth
baseline is referred to as the optimal budget allocation strategy based on the VW
derivative with α = β = 1∕2 called BASELINE4, derived from [4, 13, 14, 51].
The deep neural network (DNN)-based method developed by Yang et al. [73] is
used to learn modeling parameters of the GVW model and other four advertising
response models of those baselines based on our datasets. More specifically, for the
VW model and its derivatives, as the two parameters (i.e., the ad elasticity index and
the WoM index) are given a prior as constants, the other two (i.e., the ad response
index and the decay index) are estimated; while for the GVW model, we need to
estimate all the four modeling parameters.
We execute two sets of experiments on each dataset: one on the data exhibiting concave advertising responses, and the other on the data favoring S-shaped
responses. Figure 4a, b shows the payoff and ROI obtained by the GVW-OB strategy
and four baselines at different (total) budget levels (B) in the two experimental settings on the Google dataset, respectively. Similarly, Fig. 5a, b presents the results on
the Facebook dataset, and Fig. 6a, b illustrates the results on the Baidu dataset.
From Figs. 4a, b, 5a, b, 6a, b, we can draw the following conclusions.
First, in both concave and S-shaped settings on the three datasets, the GVW-OB
strategy outperforms the four baseline strategies in terms of both payoff and ROI.
This phenomenon can be explained in two aspects. On the one hand, the GVW-OB
strategy is built based on the GVW model, which allows deriving four parameters
from the data, rather than assuming parameters to be constants or in some specific function forms. The better data suitability helps improve the performance of
the GVW-OB strategy. On the other hand, our GVW-OB strategy is a closed-loop
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a

b
Fig. 4  a Payoff and ROI of the GVW-OB strategy and four baselines on the Google Dataset (concave). b
Payoff and ROI of the GVW-OB strategy and four baselines on the Google Dataset (S-shaped)

policy in that it observes the state variable (i.e., market share) and updates the optimal strategy continuously by tracking the advertising performance. Therefore, the
GVW-OB strategy can better fit practical advertising situations, thus achieves the
best performance in terms of payoff and ROI.
Second, the four baselines perform differently in concave and S-shaped settings. Specifically, on the three datasets, the order in the obtained payoff on the
concave setting is BASELINE1, BASELINE3, BASELINE2, and then BASELINE4, while the order in the payoff on the S-shaped setting is BASELINE2,
BASELINE4, BASELINE1, and then BASELINE3. Moreover, this is consistent
with the performance order of the four baselines in terms of ROI. This finding
suggests that BASELINE1 and BASELINE3 favor concave advertising responses,
while BASELINE2 and BASELINE4 support S-shaped responses. The possible
reason for this phenomenon is that, compared to linear models, nonlinear advertising models might better tally with the situation with S-shaped responses. That
is, the nonlinearity modeling feature with respect to advertising budget and the
untapped market share improves the adaptability of budget allocation strategies to
handling complex advertising situations.
Next, we investigate the optimal budget path and the evolution of market share
over time. In the experiments, the total budget is set as B = 130; the initial market
share is set as x 0 = 0.0. Figure 7a, b shows the optimal budget path and the evolution
of market share over time obtained by the GVW-OB strategy and four baselines in
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Fig. 5  a Payoff and ROI of the GVW-OB strategy and four baselines on the Facebook Dataset (concave).
b Payoff and ROI of the GVW-OB strategy and four baselines on the Facebook Dataset (S-shaped)

the two experimental settings on the Google dataset, respectively. Similarly, Fig. 8a,
b presents the results on the Facebook dataset, and Fig. 9a, b illustrates the results
on the Baidu dataset.
From Figs. 7a, b, 8a, b, 9a, b, we make the following observations.
First, in both concave and S-shaped settings on the three datasets, BASELINE1
and BASELINE3 invest a large amount of budget and obtain a large market share
at the initial stage, then slash the budget, which results in the decreasing of market
share. The possible reason for this phenomenon is that the advertising effort in the
underlying response models for these two baselines is linear in the budget. This linearity assumption takes each unit of budget equally, which is barely satisfactory in
practice. On the contrary, the nonlinearity for the GVW-OB strategy, BASELINE2,
and BASELINE4 entitles them to the effect of diminishing returns in advertising.
Second, in both concave and S-shaped settings on the three datasets, the GVWOB strategy, BASELINE2 and BASELINE4 show a similar pattern with respect
to the evolution of market share. However, the GVW-OB strategy obtains a higher
level of market share than BASELINE2 and BASELINE4. This indicates that, under
the same budget constraint, the GVW-OB strategy could grab more market share for
advertisers. Moreover, optimal path of the budget over time by BASELINE2 and
BASELINE4 are different from that by the GVW-OB strategy.
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a

b
Fig. 6  a Payoff and ROI of the GVW-OB strategy and four baselines on the Baidu Dataset (concave). b
Payoff and ROI of the GVW-OB strategy and four baselines on the Baidu Dataset (S-shaped)

5.3 Sensitivity analysis
In the following, we design computational experiments to conduct sensitivity analysis for the GVW-OB strategy with respect to its modeling parameters. In particular,
we focus on the two distinct indexes for the GVW model that are distinguishable
from other VW-type models, namely the ad elasticity index and the WoM index. For
each modeling parameter, we first investigate its effect on payoff and ROI obtained
by the GVW-OB strategy at different budget levels, then turn to its effect on the optimal budget path and the evolution of market share over time. The datasets used in
the following experiments were generated from historical advertising logs.
5.3.1 Influence of the ad elasticity index
We first investigate the influence of the ad elasticity index (α) on the performance of
the GVW-OB strategy. Figure 10 illustrates payoff and ROI obtained by the GVWOB strategy at different (total) budget levels (B) with different ad elasticity indexes.
From Fig. 10, we can notice the following observations. First, comparing settings with different ad elasticity indexes, we can clearly see that a larger ad elasticity
leads to a higher performance in terms of both payoff and ROI. Second, the payoff
increases monotonically with the total budget, but the ROI decreases. Specifically,
the payoff grows steadily until reaching the budget cap where the marginal payoff
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a

b
Fig. 7  a Optimal budget path and evolution of market share over time on the Google Dataset (concave).
b Optimal budget path and evolution of market share over time on the Google Dataset (S-shaped)

becomes zero; meanwhile, the ROI shrinks and then stays at a relatively steady
level. This phenomenon reflects the law of diminishing marginal utility.
Next, we examine the effect of the ad elasticity index on the optimal budget path
and the evolution of market share over time in the case with a sufficient budget.
In the experiments, the initial market share is set as x0 = 0.0. Figure 11 presents
the optimal budget path and the evolution of market share over time, with different
ad elasticity indexes.
As shown in Fig. 11, a larger ad elasticity index empowers higher levels of optimal budget and market share. In addition, except for the setting with α = 1, the
optimal budget decreases over time, while the corresponding market share initially
increases and then exhibits a decreasing trend. Note that, in our experiments, in settings with smaller ad elasticities (i.e., α = 0.1 and α = 0.3), the evolution of market
share does not show the decreasing phase possibly because of a finite time horizon
(i.e., T = 30).
5.3.2 Influence of the WoM index
In the following, we investigate the influence of the WoM index (β) on the performance of the GVW-OB strategy. Figure 12 illustrates the payoff and ROI obtained
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a

b
Fig. 8  a Optimal budget path and evolution of market share over time on the Facebook Dataset (concave). b Optimal budget path and evolution of market share over time on the Facebook Dataset
(S-shaped)

by the GVW-OB strategy at different (total) budget levels (B) with different WoM
indexes.
From Fig. 12, we can see that, a smaller WoM index, which implies a higher
WoM effect, results in higher payoff and ROI. This is because a higher WoM effect
means a higher level of communications between the sold portion and the unsold
portion of the potential market, which enlarges the advertising effectiveness from
each unit of the budget. Moreover, similarly, the payoff monotonically increases
with the total budget until reaching the budget cap, but the ROI decreases and then
stays at a relatively steady level.
Next, we examine the effect of the WoM index on the optimal budget path and
the evolution of market share by the GVW-OB strategy, in the case with a sufficient
budget. Similarly, in the experiments, the initial market share is set as x0 = 0.0. Figure 13 presents the optimal budget path and the evolution of market share over time,
with different WoM indexes.
Figure 13 reveals that, in the situation with higher WoM effects (i.e., smaller
values of β), the optimal budget and corresponding market share are higher. The
WoM effect can be considered as the additional effectiveness obtained from
advertising campaigns in that it enlarges the advertising coverage. As reported
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a

b
Fig. 9  a Optimal budget path and evolution of market share over time on the Baidu Dataset (concave). b
Optimal budget path and evolution of market share over time on the Baidu Dataset (S-shaped)

Fig. 10  Payoff and ROI at different budget levels with different ad elasticity indexes

by prior studies, advertising campaigns could raise the WoM effect, which in turn
leads to better advertising performance [22, 58]. In other words, a higher WoM
effect improves the advertising efficiency, which encourages advertisers to invest
more budget and in turn get more market share. In addition, during the promotion
period, the optimal budget decreases and corresponding market share increases
over time.
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Fig. 11  Optimal budget path and evolution of market share over time with different ad elasticity indexes

Fig. 12  Payoff and ROI at different budget levels with different WoM indexes

Fig. 13  Optimal budget path and evolution of market share over time with different WoM indexes

6 Discussion
This research generates several valuable managerial insights for advertisers to
make budget allocation decisions. First, the GVW-OB strategy performs better
in terms of both payoff and ROI. Moreover, the GVW-OB strategy could help
advertisers obtain a larger market share from a certain amount of budget. Essentially, budget allocation is a multi-faceted task, which calls for a comprehensive
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examination of all four modeling indexes to obtain the most suitable solution
to practical advertising campaigns. Of most importance, the nonlinearity feature with respect to advertising budget (raised by the ad elasticity index) and the
unsold market (raised by the WoM index) enhances the adaptability of the GVWOB strategy to handle budget allocation problems in complex advertising situations (e.g., the situation exhibiting the S-shaped rather than concave advertising responses), especially in the case when an advertiser has a limited amount
of budget. In addition, advertising revenues play an important role in supporting
access to many free services provided by digital platforms, which have rapidly
become essential to people [30]. Thus, it is necessary for digital media providers to develop tools for advertisers to assist budget decisions in such complicated
environments.
Second, a larger ad elasticity empowers higher levels of the optimal budget and
corresponding market share, thus leading to higher payoff and ROI. This finding is consistent with that reported by Yang et al. [77]. Advertisers with higher
ad elasticity are recommended to invest more budget in order to maximize their
expected returns.
Third, a larger WoM effect leads to higher levels of the optimal budget and
corresponding market share, in turn resulting in a higher payoff and ROI. That is,
for advertisers, a high WoM effect could help advertisers earn more advertising
returns from each penny. This suggests that advertisers should encapsulate social
elements in their advertising campaigns in order to create WoM effects in the
potential market. As for media providers, they are encouraged to design socially
enriched mechanisms to facilitate conversions among potential consumers, especially in media forms without social privilege of birth (e.g., search advertising),
and provide advertisers a richer set of metrics related to the WoM effect.
Finally, from a methodological perspective, without loss of generality, our
GVW-OB strategy provides a feasible solution for advertisers to dynamically
make optimal budget allocation, which can be easily applied to a variety of advertising media.
However, we also realize several shortcomings of our work. First, in this study,
we focus on the optimal budget allocation problem using the GVW model as its
advertising dynamics under a finite time horizon. We mathematically analyzed
properties of our GVW-OB model and derived a feasible solution, while emphasizing roles of the ad elasticity index and the WoM index in budget allocation
decisions. However, the underlying mechanism behind advertising response processes is still to be examined. Second, new advertising forms that have emerged
in recent years (e.g., search advertising) contain some distinctive features and
operational rules, compared to traditional advertising. Thus, it urgently calls for
deep-level research efforts to adapt the GVW-OB strategy specifically to new
advertising media, by developing and encapsulating some additional indexes representing inherent features. Third, this study explores budget allocation decisions
in the situation with a single advertiser. As noted, the situation with two or more
advertisers leads to more complicated strategies.
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7 Conclusions and future directions
In this research, we present an optimal budget allocation strategy called the GVWOB using the GVW model as its advertising dynamics under a finite time horizon.
Moreover, we discuss some desirable properties and develop a feasible solution
to our budget allocation model. Furthermore, computational experiments are conducted to evaluate our GVW-OB model and its identified properties. Experimental results show that our GVW-OB strategy outperforms four baselines in terms of
both payoff and ROI in either concave or S-shaped settings; the ad elasticity index
and the WoM index have significant influences on the performance of the GVW-OB
strategy; and the nonlinearity modeling feature raised by the two indexes improves
the adaptability of the GVW-OB strategy to handling complex advertising situations.
In this direction, several interesting perspectives deserve further research efforts.
First, we plan to conduct empirical studies applying the GVW model in various
advertising media. In order to obtain unbiased estimations, it is suggested to control
for multi-market effect decomposing the global and local components of advertising
and the synergy effect isolating the direct impact of advertising variables analyzed.
In addition, we also intend to empirically explore the functional shape of advertising responses and possible conditions for the inflection point and the threshold
effect that would help develop sophisticated advertising models. Another interesting
direction is to adapt the proposed GVW-OB strategy in uncertain advertising environments. Last but not least, it would also be interesting to explore multi-channel
budget allocation decisions by encoding the potential heterogeneity among different
media vehicles.
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org/10.1007/s10660-021-09468-x.
Acknowledgements We are thankful to the associate editor and anonymous reviewers who provided
valuable suggestions that led to a considerable improvement in the organization and presentation of
this manuscript. This work is partially supported by the NSFC (National Natural Science Foundation of
China) grants (71672067).

References
1. Baker, A. M., Donthu, N., & Kumar, V. (2016). Investigating how word-of-mouth conversations
about brands influence purchase and retransmission intentions. Journal of Marketing Research,
53(2), 225–239.
2. Case, J. H. (1979). Economics and the competitive process. New York University Press.
3. Chintagunta, P. K. (1993). Investigating the sensitivity of equilibrium profits to advertising dynamics and competitive effects. Management Science, 39(9), 1146–1162.
4. Chintagunta, P. K., & Jain, D. C. (1995). Empirical analysis of a dynamic duopoly model of competition. Journal of Economics & Management Strategy, 4(1), 109–131.
5. Chintagunta, P. K., & Vilcassim, N. J. (1992). An empirical investigation of advertising strategies in
a dynamic duopoly. Management Science, 38(9), 1230–1244.
6. Dant, R. P., & Berger, P. D. (1996). Modelling cooperative advertising decisions in franchising.
Journal of the Operational Research Society, 47(9), 1120–1136.
7. Deal, K. R. (1979). Optimizing advertising expenditures in a dynamic duopoly. Operations
Research, 27(4), 682–692.

13

Y. Yang et al.
8. Dockner, E. J., Jorgensen, S., Van Long, N., & Sorger, G. (2000). Differential games in economics
and management science. Cambridge University Press.
9. Dubé, J. P., Hitsch, G. J., & Manchanda, P. (2005). An empirical model of advertising dynamics.
Quantitative Marketing and Economics, 3(2), 107–144.
10. Erickson, G. (2003). Dynamic models of advertising competition, Vol. 13. Springer.
11. Erickson, G. M. (1995). Advertising strategies in a dynamic oligopoly. Journal of Marketing
Research, 32, 233–237.
12. Erickson, G. M. (1997). Note: Dynamic conjectural variations in a Lanchester oligopoly. Management Science, 43(11), 1603–1608.
13. Erickson, G. M. (2009). An oligopoly model of dynamic advertising competition. European Journal
of Operational Research, 197(1), 374–388.
14. Erickson, G. M. (2009). Advertising competition in a dynamic oligopoly with multiple brands.
Operations Research, 57(5), 1106–1113.
15. Ezimadu, P. E., & Nwozo, C. R. (2017). Stochastic cooperative advertising in a manufacturer–
retailer decentralized supply channel. Journal of Industrial Engineering International, 13(1), 1–12.
16. Fan, Y. Y., Bhargava, H. K., & Natsuyama, H. H. (2005). Dynamic pricing via dynamic programming. Journal of Optimization Theory and Applications, 127(3), 565–577.
17. Feinberg, F. M. (2001). On continuous-time optimal advertising under S-shaped response. Management Science, 47(11), 1476–1487.
18. Freimer, M., & Horsky, D. (2012). Periodic advertising pulsing in a competitive market. Marketing
Science, 31(4), 637–648.
19. Fruchter, G. E., & Dou, W. (2005). Optimal budget allocation over time for keyword ads in web
portals. Journal of Optimization Theory and Applications, 124(1), 157–174.
20. Fruchter, G. E., & Kalish, S. (1997). Closed-loop advertising strategies in a duopoly. Management
Science, 43(1), 54–63.
21. Fruchter, G. E., & Kalish, S. (1998). Dynamic promotional budgeting and media allocation. European Journal of Operational Research, 111(1), 15–27.
22. Gopinath, S., Thomas, J. S., & Krishnamurthi, L. (2014). Investigating the relationship between the
content of online word of mouth, advertising, and brand performance. Marketing Science, 33(2),
241–258.
23. Hoban, P. R., & Bucklin, R. E. (2015). Effects of internet display advertising in the purchase funnel:
Model-based insights from a randomized field experiment. Journal of Marketing Research, 52(3),
375–393.
24. Holthausen, D. M., Jr., & Assmus, G. (1982). Advertising budget allocation under uncertainty. Management Science, 28(5), 487–499.
25. Interactive Advertising Bureau (IAB). (2018). IAB internet advertising revenue report: 2017 full
year results. The stable https://www.iab.com/wp-content/uploads/2018/05/IAB-2017-Full-Year-
Internet-Advertising-Revenue-Report.REV_.pdf
26. Jafari, M., Mohammadpour Omran, M., & Jahani, E. (2020). Advertising Differential games: A
review on models. International Journal of Industrial Engineering and Management Science, 7(1),
68–84.
27. Jansen, B. J., & Mullen, T. (2008). Sponsored search: An overview of the concept, history, and technology. International Journal of Electronic Business, 6(2), 114–131.
28. Jansen, B. J., Liu, Z., & Simon, Z. (2013). The effect of ad rank on the performance of keyword
advertising campaigns. Journal of the American Society for Information Science and Technology,
64(10), 2115–2132.
29. Jansen, B. J., Zhang, M., Sobel, K., & Chowdury, A. (2009). Twitter power: Tweets as electronic
word of mouth. Journal of the American Society for Information Science and Technology., 60(11),
2169–2188.
30. Jansen, B.J. (2011). Understanding sponsored search: Core elements of keyword advertising. Cambridge, U.K.: 832 Cambridge University Press.
31. Jørgensen, S. (1982). A survey of some differential games in advertising. Journal of Economic
Dynamics and Control, 4, 341–369.
32. Jørgensen, S., and Zaccour, G. (2004). Differential games in marketing, vol. 15 of International
Series in Quantitative Marketing.
33. Kim, R. Y. (2020). When does online review matter to consumers? The effect of product quality
information cues. Electronic Commerce Research, 1–20.

13

Optimal advertising for a generalized Vidale–Wolfe response…
34. Kimball, G. E. (1957). Some industrial applications of military operations research methods. Operations Research, 5(2), 201–204.
35. Köhler, C., Mantrala, M. K., Albers, S., & Kanuri, V. K. (2017). A meta-analysis of marketing communication carryover effects. Journal of Marketing Research, 54(6), 990–1008.
36. Krishnamoorthy, A., Prasad, A., & Sethi, S. P. (2010). Optimal pricing and advertising in a durablegood duopoly. European Journal of Operational Research, 200(2), 486–497.
37. Kumar, S., & Sethi, S. P. (2009). Dynamic pricing and advertising for web content providers. European Journal of Operational Research, 197(3), 924–944.
38. Li, H., & Yang, Y. (2020). Optimal keywords grouping in sponsored search advertising under uncertain environments. International Journal of Electronic Commerce, 24(1), 107–129.
39. Lipsey, R., & Courant, P. (1996). Microeconomics. Harper Collins.
40. Little, J. D. (1979). Aggregate advertising models: The state of the art. Operations Research, 27(4),
629–667.
41. Lobschat, L., Osinga, E. C., & Reinartz, W. J. (2017). What happens online stays online? Segmentspecific online and offline effects of banner advertisements. Journal of Marketing Research, 54(6),
901–913.
42. Lovett, M. J., Peres, R., & Shachar, R. (2013). On brands and word of mouth. Journal of Marketing
Research, 50(4), 427–444.
43. Lu, L., & Navas, J. (2020). Lanchester duopoly model revisited: Advertising competition under time
inconsistent preferences. Journal of the Operational Research Society, 1–17.
44. Mahajan, V., & Muller, E. (1986). Advertising pulsing policies for generating awareness for new
products. Marketing Science, 5(2), 89–106.
45. Mesak, H. I. (1985). On modeling advertising pulsing decisions. Decision Sciences, 16(1), 25–42.
46. Mesak, H. I. (1992). An aggregate advertising pulsing model with wearout effects. Marketing Science, 11(3), 310–326.
47. Mesak, H. I. (2002). On the impact of initial performance on the effectiveness of advertising pulsation policies. Journal of the Operational Research Society, 53(11), 1247–1255.
48. Mesak, H. I., & Ellis, T. S. (2009). On the superiority of pulsing under a concave advertising market
potential function. European Journal of Operational Research, 194(2), 608–627.
49. Mesak, H. I., & Zhang, H. (2001). Optimal advertising pulsation policies: a dynamic programming
approach. Journal of the Operational Research Society, 52(11), 1244–1255.
50. Mesak, H. I., Bari, A., & Lian, Q. (2015). Pulsation in a competitive model of advertising-firm’s
cost interaction. European Journal of Operational Research, 246(3), 916–926.
51. Naik, P. A., Prasad, A., & Sethi, S. P. (2008). Building brand awareness in dynamic oligopoly markets. Management Science, 54(1), 129–138.
52. Nerlove, M., and Arrow, K. J. (1962). Optimal advertising policy under dynamic conditions. Economica, 129–142.
53. Parlar, M. (2020). Feedback advertising strategies in a two-firm differential game: a numerical
investigation. International Journal of Systems Science: Operations & Logistics, 1–12.
54. Prasad, A., & Sethi, S. P. (2004). Competitive advertising under uncertainty: A stochastic differential game approach. Journal of Optimization Theory and Applications, 123(1), 163–185.
55. Rao, A. G., & Rao, M. R. (1983). Optimal budget allocation when response is S-shaped. Operations
Research Letters, 2(5), 225–230.
56. Reddy, P. V., Wrzaczek, S., & Zaccour, G. (2016). Quality effects in different advertising models—
An impulse control approach. European Journal of Operational Research, 255(3), 984–995.
57. Ringbeck, J. (1985). Mixed quality and advertising strategies under asymmetric information. Optimal Control Theory and Economic Analysis, 2, 197–214.
58. Rosario, B. A., Sotgiu, F., De Valck, K., & Bijmolt, T. H. (2016). The effect of electronic word of
mouth on sales: A meta-analytic review of platform, product, and metric factors. Journal of Marketing Research, 53(3), 297–318.
59. Rubel, O., Naik, P. A., & Srinivasan, S. (2011). Optimal advertising when envisioning a productharm crisis. Marketing Science, 30(6), 1048–1065.
60. Sasieni, M. W. (1971). Optimal advertising expenditure. Management Science, 18(4), 64–72.
61. Sethi, S. P. (1977). Dynamic optimal control models in advertising: a survey. SIAM Review, 19(4),
685–725.
62. Sethi, S. P., Prasad, A., & He, X. (2008). Optimal advertising and pricing in a new-product adoption
model. Journal of Optimization Theory and Applications, 139(2), 351.

13

Y. Yang et al.
63. Sethi, S. P. (1973). Optimal control of the Vidale–Wolfe advertising model. Operations research,
21(4), 998–1013.
64. Sethi, S. P. (1983). Deterministic and stochastic optimization of a dynamic advertising model. Optimal Control Applications and Methods, 4(2), 179–184.
65. Sethi, S. P., & Thompson, G. L. (2000). Optimal control theory: Applications to management science and economics (2nd ed.). New York: Springer.
66. Sorger, G. (1989). Competitive dynamic advertising: A modification of the Case game. Journal of
Economic Dynamics and Control, 13(1), 55–80.
67. Suggett, P. (2018). The different types of advertising methods available to you. The stable https://
www.thebalancesmb.com/different-types-of-advertising-methods-38548
68. Tapiero, C. S. (1975). On-line and adaptive optimum advertising control by a diffusion approximation. Operations Research, 23(5), 890–907.
69. Vakratsas, D., Feinberg, F. M., Bass, F. M., & Kalyanaram, G. (2004). The shape of advertising
response functions revisited: A model of dynamic probabilistic thresholds. Marketing Science,
23(1), 109–119.
70. Vidale, M. L., & Wolfe, H. B. (1957). An operations-research study of sales response to advertising.
Operations Research, 5(3), 370–381.
71. Yang, C., & Xiong, Y. (2020). Nonparametric advertising budget allocation with inventory constraint. European Journal of Operational Research, 285, 631–641.
72. Yang, Y., Yang, Y. C., Liu, D. & Zeng, D. D. (2016). Dynamic budget allocation in competitive
search advertising, SSRN. https://ssrn.com/abstract=2912054
73. Yang, Y., Feng, B., & Zeng, D. (2020). Learning parameters for a generalized Vidale-Wolfe
response model with flexible ad elasticity and word-of-mouth. IEEE Intelligent Systems. https://doi.
org/10.1109/MIS.2020.3026990.
74. Yang, Y., Li, X., Zeng, D., & Jansen, B. J. (2018). Aggregate effects of advertising decisions: A
complex systems look at search engine advertising via an experimental study. Internet Research,
28(4), 1079–1102.
75. Yang, Y., Qin, R., Jansen, B. J., Zhang, J., & Zeng, D. (2014). Budget planning for coupled campaigns in sponsored search auctions. International Journal of Electronic Commerce, 18(3), 39–66.
76. Yang, Y., Yang, Y. C., Jansen, B. J., & Lalmas, M. (2017). Computational advertising: A paradigm
shift for advertising and marketing? IEEE Intelligent Systems, 32(3), 3–6.
77. Yang, Y., Zeng, D., Yang, Y., & Zhang, J. (2015). Optimal budget allocation across search advertising markets. INFORMS Journal on Computing, 27(2), 285–300.
78. Yang, Y., Zhang, J., Qin, R., Li, J., Wang, F. Y., & Qi, W. (2012). A budget optimization framework
for search advertisements across markets. IEEE Transactions on Systems, Man, and CyberneticsPart A: Systems and Humans, 42(5), 1141–1151.
79. Yang, Y., Zhao, K., Zeng, D., & Jansen, B. J. (2020). How search engine advertising affects sales
over time: An empirical investigation. arXiv preprint.arXiv:2008.06809.
80. Zhang, H., Yuan, X., & Song, T. H. (2020). Examining the role of the marketing activity and
eWOM in the movie diffusion: The decomposition perspective. Electronic Commerce Research, 20,
589–608.
81. Zhang, Y., Zhang, W., Gao, B., Yuan, X., & Liu, T. Y. (2014). Bid keyword suggestion in sponsored
search based on competitiveness and relevance. Information Processing & Management, 50(4),
508–523.
82. Zhou, H., Gu, X., & Li, L. (2018). The dynamic investment strategy of online advertising based on
spillover effect in duopoly competition market. Computing, 100, 881–905.

Authors and Affiliations
Yanwu Yang1

· Baozhu Feng1 · Joni Salminen2,3 · Bernard J. Jansen2

Baozhu Feng
fengbaozhu2019.isec@gmail.com
Joni Salminen
jsalminen@hbku.edu.qa

13

Optimal advertising for a generalized Vidale–Wolfe response…
Bernard J. Jansen
bjansen@hbku.edu.qa
1

School of Management, Huazhong University of Science and Technology, Wuhan 430074,
China

2

Qatar Computing Research Institute, HBKU, Doha, Qatar

3

Turku School of Economics, Turku, Finland

13

